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Abstract 

We generalize the prequantization central extension of a group of dif- 
feomorphisms preserving a closed 2-form cu (a;~invariant diffeomorphisms) 
to an abelian extension of a group of diffeomorphisms preserving a closed 
vector valued 2-form a; up to a linear isomorphism (w-equivariant diffeo- 
morphisms). Every abelian extension of a simply connected Lie group can 
be obtained as the pull-back of such a prequantization abelian extension. 
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1 Introduction 

On the universal cover of the identity component of the group Symp(M, uj) of sym- 
plectic diffeomorphisms of a symplectic manifold (M, uj) , one defines the symplec- 

tic flux |MSn7] . It is the group homomorphism S^^ : Symp(M, u;)o H^^MjM.), 
Scj{[(p]) = jQ[irjtUj]dt, where [cp] is the homotopy class of a path cpt in Symp(M, tu) 
starting at the identity and rjt is the time dependent vector field -^(ft o ^9^^. The 
flux subgroup n = 5*^^(711 (Symp(M, a;))) of H^{M,M.) is discrete |O06j . hence S^^ 
descends to a Lie group homomorphism : Symp(M, ci;)o if^(M, M)/n, with 
kernel the group of hamiltonian diffeomorphisms |B78] . 

When UJ has an integral cohomology class, then there exists a principal circle 
bundle q : P ^ M and a principal connection 1-form 9 G ^^{P) (a contact form 
in the symplectic case) with curvature uj. Let h{t) denote the holonomy around 
the loop ^ in M. The identity component of the group 

Hol(M, uj) = {^e Difr(M) : V£ G M), o i) = h{e)} 
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of holonomy preserving diffeomorphisms of M is the group Ham(M, a;) of hamil- 
tonian diffeomorphisms. There are two prequantization central extensions inte- 
grating — > M C°°(M) Xham(Af, cu) 0, the natural central extension of 
the Lie algebra of hamiltonian vector fields, namely 

1 ^ T ^ Quant (P, 9) Hol(M, u) ^ 1 

1 ^ T ^ Quant(P, 6)^ Ham(M, uj) 1, (1) 

where T = M/Z and Quant(P, denotes the group of quantomorphisms, i.e. the 
group of 6'-preserving automorphisms of the principal bundle P ^K70j [S70J |RS81] . 

The above mentioned results where generalized to vector valued closed 2-forms 
in [NV03j . Let M be a connected smoothly paracompact manifold, possibly infi- 
nite dimensional, and uj a closed 2-form on M with values in a Mackey complete 
locally convex space V. Let Diff(M, u;) be the group of cu-invariant diffeomor- 
phisms and j£(M, uj) the Lie algebra of cu-invariant vector fields. A flux homo- 
morphism integrating the Lie algebra homomorphism 

flux : X(M,cj) ^ H\M, V), flux(77) = [i^uj], 

can be defined if uo has a discrete period group T d V . It is the group homo- 
morphism Flux : Diff(M,u;)o H^{M,V)/H^{M,T), defined similarly to the 
symplectic flux Si^. The identity component Diffex(M, cj) of the kernel of Flux is 
called the group of exact cu-invariant diffeomorphisms. In the symplectic setting 
it coincides with the group of hamiltonian diffeomorphisms. 

Let A be the abelian Lie group V/T . Assuming M is smoothly paracompact, 
there exists a principal A-bundle q : P ^ M and a principal connection 1-form 9 G 
n^(P, V) with curvature uj e VL^{M, V). A gain the group Hol(M, a;) of holonomy 
preserving diffeomorphisms is a subgroup of Diff (M, uj) and its identity component 
is Diffex(M, tu). The prequantization central extensions ([1]) corresponding to a 
vector valued 2-form are 

Difr(P, 9)^ Hol(M, uj) 1 
A^ Difr(P, 9)^ Difrex(M, uj) 1, (2) 

where Diff(P, ^)'^ is the group of ^^-preserving automorphisms of the principal 
bundle P. Let Difr(P)^ denote the group of automorphisms of P. Both central 
extensions ([2]) are contained in the abelian extension 

1 ^ C°°(M, A) Difr(P)^ ^ Diff (M)[p] ^ 1 (3) 

of the group Diff (M)[p] of diffeomorphisms preserving the isomorphism class [P] 
of the principal bundle P. 

In the same context (a closed l^-valued 2-form uj on M, curvature of a prin- 
cipal bundle P M) , we introduce the group of diffeomorphisms preserving the 



2 



holonomy up to a linear isomorphism of V, subgroup of the group of cu-equivariant 
diffeomorphisms. We show equivariant versions of ([2]), which we call prequantiza- 
tion abelian extensions, as well as a non-abelian extension generalizing ([3]). 

The group of cj-equivariant diffeomorphisms (diffeomorphisms preserving u 
up to a linear isomorphism of V) : 

BiS^^M, Lu) = {{cp, u) e Diff (M) x GL{V) : (p*uj = u ■ u} 

contains the group Diff (M, uj) of tu-invariant diffeomorphisms as a subgroup. The 
flux homomorphism Flux can be extended to a flux 1-cocycle 

Flux"^ : Dir'^(M,cj)o ^ H\P,V)/ H\P,T) 

for the Diff'"'(M, ti;)-action induced by the natural GL(y)-action on V. It inte- 
grates the Lie algebra 1-cocycle 

flux"^ : X"'^(M, uj) H\P, V), flux"^(r/, 7) = [qHr^co - ■ 9] 

defined on the Lie algebra of cj-equivariant vector fields 

X'\M,uj) := {(77,7) G X(M) X gi{V) : L^oo = ^ ■ 00}. 

Its kernel is the Lie subalgebra of hamiltonian vector fields. All equi-hamiltonian 
functions h : P ^ V have to be almost A-invariant in the sense that for all a & A, 
the function h — ho p[a) is constant on P, where p denotes the principal A-action 
on P. The identity component Diff^^(M, cu) of the kernel of Flux''^ is called the 
group of equi-hamiltonian diffeomorphisms. 

The group Hor^(M, a;) of diffeomorphisms of M preserving the holonomy up 
to a linear isomorphism of V is another subgroup of DiS'^'^{M,uj) with identity 
component Diff[;^(M, cu). One can write prequantization abelian extensions con- 
taining the prequantization central extensions ([2]) 

l^A^ Diff"'i(P, 6)^ Hor^(M, 00) -> 1 

l^A^ DifF='i(P, 9)^ ^ Diff:^(M, iu)^l, (4) 

where DifF^'^(P, 9)"^ is the group of projectable diffeomorphisms of P preserving 9 
up to a linear isomorphism of V, called equi-quantomorphisms. 

Unlike the quantomorphisms, which are A-equivariant diffeomorphisms of P, 
the equi-quantomorphisms are almost A-equivariant diffeomorphisms in the fol- 
lowing sense: if ip is an equi-quantomorphism with ijj*9 = u ■ 9 for u G GL(l^) 
(uniquely determined by ip), then 

ip o p(a) = p{u{a)) o ip, a E A, 

where u is the unique group automorphism of A satisfying u o exp = exp ou. The 
group Diff'^^(P)^ of almost equivariant diffeomorphisms of P is a non-abelian 
extension 

1 ^ C^(P, A) Difr"'i(P)^ ^ Diff (M)[p] ^1. (5) 
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of Diff (M)[p] by the group of almost A-invariant smooth maps from P to A 

C^(P, A) = {f e C^{P, A) : Va G A, (/ o p{a))f-^ constant on P} 

with group multiphcation (/i ■ f2){y) = /i(p(|/, /2(l/)))/2(y)- The group of A- 
invariant smooth maps from P to A, identified with C°^{M, A), is an abehan 
subgroup of C^lP, A). The non-abehan extension contains the abehan exten- 
sions (gD and da]). 

Let be a closed \^-valued 2-form on a possibly infinite dimensional manifold 
M. A Lie group G with a smooth hamiltonian action X : G ^ DifTex(M, u) has a 
central Lie group extension G by A, obtained by pulling back the prequantization 
central extension ([2]) and the G-action A lifts to a smooth G-action on P by 
quantomorphisms [NV03j . Examples include the Bott-Virasoro group and Ismag- 
ilov's central extension of the group of exact volume preserving diffeomorphisms 
integrating Lichnerowicz 2-cocyles. A similar result holds for abelian extensions 
and is explained below. 

An equi-hamiltonian action of a Lie group G consists of a smooth action A on 
M together with a linear action b on V, such that (A, 6) : G — > Diffg^(M, tu) C 
Diff(M) X GL{V). It determines an abelian Lie group extension G of G by A 
integrating the Lie algebra 2-cocycle {X,Y) —uj{X{X),X{Y)){xo) on q, where 
Xo € M is fixed and X : q —>■ X{M) denotes the infinitesimal action. This ex- 
tension is obtained by pulling back the prequantization abelian extension (jlj). 
The G-action lifts to a smooth G-action on P by equi-quantomorphisms. Ex- 
amples include abelian extensions of the group of diffeomorphisms of or S"^, 
and abelian extensions of the group of volume preserving diffeomorphisms of a 
compact manifold. 

Every abelian Lie group extension 1— s>G— s>G— s>lofa simply connected 
Lie group G by a G-module A = V/T can be obtained in this way. Let Q = Q^aV 
be the corresponding abelian Lie algebra extension, which is defined by the V- 
valued 2-cocycle a on g, and let p : q ^ V denote the projection on the second 
factor. Then G is a principal A-bundle with principal connection 6 = p"^^, the 
G-equivariant l^-valued 1-form on G with identity value p, and with curvature 
uj = —0"°^, the closed G-equivariant l^-valued 2-form on G with identity value 
— cr. Let A denote the left translation on G and b the linear G-action on V induced 
by the G-module structure of A. Then the G-action (A, b) is equi-hamiltonian 
and determines the given abelian Lie group extension of G. 

The author thanks Karl-Hermann Neeb for many very useful comments and 
suggestions. 

2 Flux 1— cocycle 

Let M be a connected smoothly paracompact manifold, possibly infinite dimen- 
sional, and UJ a closed 2-form on M with values in a Mackey complete locally 
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convex space V. The Lie algebra of u-equivariant vector fields on M, 



3C^%M, u) := {{ri, 7) e X{M) x qI{V) : L^u ^ -f- uj}, 



with Lie bracket 



[(?7i,7i),(?72,72)] = ^2], 7172 -7271), 



(6) 



is a Lie subalgebra of the direct product Lie algebra X(M) x qI{V). We take 
the negative sign convention (as in the Lie algebra X{M) of the group of diffeo- 
morphisms of M). The Lie algebra of o^-invariant vector fields with the opposite 
bracket sits in X'^*^(M, a;) as a Lie subalgebra 



Remark 1. Let Vq be the closure of the image of uj : TM Xm TM V. The 
restriction of 7 to Vq is uniquely determined by rj. When Vq = V , then 7 is 
determined by 77 and one can identify the Lie algebra X^^(M, a;) with its image 
on the first factor: {q G X(M) : 37 e Qiiy) s.t. L^u = 7 • u}. When Vq ^ V, an 
cj-invariant vector field r] can determine other a;-equivariant vector fields beside 
{r], 0), namely (77,7) with jIvq = 0. 

Remark 2. The period group F of the closed valued 2-form uj is the image of 
the homomorphism H2{M, M.) ^ V determined by integrating uj. It is a subgroup 
of Vo and for any (77, 7) G X^'^{M, uj) the restriction of 7 to F is trivial. Indeed, for 
any 2-cycle a in M, ^{J^ uj) — L^^uj — 0. In particular 7 = if F is generated 
by F, so i(X(M, u;)) = 'X.^{M^uj) in this case. For a closed M-valued 2-form uj, 
the Lie algebra of cj-equivariant vector fields is strictly bigger than the Lie algebra 
of cu-invariant vector fields if and only if F = 0, i.e. uj is exact. 

The projection on the second factor, 



is a Lie algebra homomorphism, so V becomes a X'^'i(M, a;) -module in a natural 
way. Restricted to the image t(X(M, cu)), the action is trivial. 

If the period group F C F of a; is discrete, then A — V/T is an abehan 
Lie group with abelian Lie algebra V , and there exists a principal A-bundle 
q : P ^ M with connection form 6 G ^^{P, V) and curvature form uj G Q'^{M, V). 
Let exp : V ^ A he the canonical projection, p the principal A-action and 
p : F — > X(P) its infinitesimal action. In particular dO — q*uj and ip(v)0 — v for 
all veV. 

Proposition 3. The linear map 



i : X{M, uj) X^\M, uj) , i{r]) = (r^, 0) . 



{r^,^)eX'\M,uj) 



7e0W, 



(7) 



fiux"^ : (77, 7) G X"^(M, uj) ^ [q*ir,uj - 7 • G H\P, V) 



(8) 
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is a Lie algebra 1-cocycle for the natural X®'^(M, uj) -module structure on H^{P, V) 
induced by the X'^'^{M,uj) -action ([7]) on V. 

Its cohomology class [flux*^''] G H^{X'^'^{M,uj), H^{P,V)) is independent of the 
choice of the connection 9. 

Proof. The 1-form 5*2^0; — 7 • on P is closed for any cj-equivariant vector field 
(?7, 7) because L^^uj = •y ■ u and q*uj = dO. For (771, 71), (772, 72) G X'^''(M, uj), 

fiux'''^([(r/i,7i),(r/2,72)]) = -[g*i[r,i,,,2]^ + (7i72 - I2I1) ■ 0] 

= [d{q*Lj{r]i, 7]2)) + q*i,j^L^^LJ - q*i^^L^^uj - 7172 ■ 9 + 7271 ■ 9] 

= [(l*iv2ili ■ ^) - 7i72 ■ 6] - [g*«r?i(72 ■ ^) - 7271 • 
= 71 ■ flux'"' (772, 72) - 72 ■ flux'''^(r7i, 7i), 

so the 1-cocycle condition for fiux'^'^ is satisfied for the natural X'^'^(M, Ci;)-action. 

Two connection 1-forms on P differ by the pull-back g*tt of a closed V^- valued 
1-form a on M. Then the corresponding flux 1-cocycles differ by the linear map 
(77,7) 7 • [q*a], which is a 1-coboundary on the Lie algebra X^'^{M,uj). □ 

The 1-cocycle flux'^'^ is called the infinitesimal flux 1-cocycle. Its kernel, de- 
noted by Xg^(M, u), is a Lie subalgebra of X'^'^{M, u) and is called the Lie algebra 
of equi-hamiltonian vector fields on (M, cu). We say that h G C°°{P,V) is an 
equi-hamiltonian function for the equi-hamiltonian vector field (77, 7) G Xg^(M, uj) 
if 

q*inUJ — -y ■ 9 = dh. (9) 

Remark 4. The infinitesimal flux homomorphism is defined on the Lie algebra of 
cij-invariant vector fields X(M, uj) by 

flux : G X(M,cj) ^ [i^cu] G i/^(M, V). 

The kernel Xex(M, u;) of flux is the ideal of exact ci;-invariant vector fields (hamil- 
tonian vector fields when u is symplectic). Because fiux'^^ oi = q* o flux, the 
inclusion l descends to an inclusion t : Xcx{M,uj) — Xg^(M, tu). 

Not every smooth V^-valued function on P can play the role of an equi- 
hamiltonian function. We denote by C^^{P,V) the space of all possible equi- 
hamiltonian functions, also called admissible functions. 

Proposition 5. If h & C*^j^(P, V^) is an equi-hamiltonian function for the equi- 
hamiltonian vector field (77,7), then there exists a group homomorphism'^ : A V 
with 7 o exp = 7, such that for all a ^ A and v & V : 

1. Lp^y)h = -'j{v). 

2. h — ho pi^a) = 7(a). 
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Proof. Since h is an equi-hamiltonian function for the equi-hamiltonian vector 
field (?7, 7), we have that dh = q*irjU — 7-6'. Then from Lp(^y)h = ip(^)dh = —7(f) 
we get the identity 1. 

From q o p(a) = q and p{a)*6 = 9 follows that p{a)*dh = dh, so h — ho p[a) is 
a constant function on the connected manifold P. This assures the existence of a 
group homomorphism 'y : A ^ V satisfying the identity 2. From that we easily get 
that 7oexp G qI{V). To show that 7oexp = 7, we differentiate at t = the identity 
h — ho p(exptf) = 7(exptf) for v E V , and we obtain that Lp{^v)h = — Ti7(f). 
Together with identity 1, this gives 7 = T17 = To(7 o exp) =70 exp. □ 

Defining the space of almost A-invariant functions as 

C^(P, V) = {he C°^{P, V) -.yae A,h-ho p{a) = constant on P}, (10) 

the proposition above says that C^^{P,V) C C'^{P,V). It follows that there 
exists 7/i G uniquely determined by the almost A-invariant function h such 

that Lp(^^)h = — 7/i(f ) for all v E V. 

The group of uj-equivariant diffeomorphisms 

Diff^^(M,tu) := {(<^,m) G Diff(M) x G'L{V) ■.^*uj = u-uj} 

is a subgroup of the direct product group Diff (M) x GL(^). The second projection 
G Diff'^''(M, c<j) y-^ u E GL(V^) is a group homomorphism, so V becomes a 
natural Diff*'''(M, cj)-module. 

The group of cu-equivariant diffeomorphisms contains the group of tu-invariant 
diffeomorphisms as a subgroup via the injective homomorphism 

i : Difr(M, u) Difr"^(M, 00), = {if, ly). 

The restriction of the second component u G GL(V) of the tu-equivariant dif- 
feomorphism {ip, u) to Vq C V (defined in Remark [ID is determined by its first 
component G Diff(M). 

When Vo = V, then one identifies Diff*'''(M, uj) with its projection on the first 
factor, the group {cp G Diff(M) : 3u G GL(V^) s.t. Lp*uj = u ■ uj}. This is the case 
for a closed R^-valued 2-form uj = {001,002) on a compact manifold M with cji 7^ 
and a;2 7^ (so Vo = = M^). E.g. the flow of the tu-equivariant vector field r] 
satisfying L.^cji = —002 and Lr,oo2 = "^i, if it exists, is a 1-parameter subgroup ipt 
of cu-equivariant diffeomorphisms of M satisfying (p^ooi = (cost)co'i — (sint)u;2 and 
(Pf0O2 = (sint)ti;i + {cost)oj2- 

Remark 6. There is a natural (Diff(M) x GL(\^))-action on the vector space 
n^{M, V) of l^-valued 2-forms on M: 

{(p,u) ■ ou = u ■ {{ip^-^you) 
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with infinitesimal action of tlie Lie algebra X(M) x 0l(l^) with Lie bracket 
given by 

(77,7) • u = -L^u + 7 ■ cu. 

The isotropy group of a closed 2-form u G Q'^{M, V) coincides with the group of 
w-equivariant diffeomorphisms Diff^'^(M, u), and its isotropy Lie algebra coincides 
with the Lie algebra of tu-equivariant vector fields X'^^{M,uj). 

A curve (p in Diff (M) is called a smooth curve if the corresponding map {t, x) 1— *■ 
{(p{t){x), (p{t)~^{x)) in M X M is smooth. Similarly a curve u in GL(y) is smooth 
if the map {t,v) ^ {u{t){v),u{t)-\v)) in V" x 1/ is smooth. Let Diff^'i(M, ^)o be 
the normal subgroup of those elements in Diff'^*^(M, uj) which can be connected to 
the identity by a smooth curve in Diff''''(M, cu) C Diff(M) x GL{V). 

Remark 7. The abelian group A = V/T is a natural Diff'^''(M, co')o-module. Indeed, 
for any 2-cycle a in M and for any {(p,u) G Diff'^'^(M, a;)o, the 2-cycles a and 
<^((t) are homologous, so u{J^u) = J^'P*^^ = J^uj and u fixes the elements of 
the period group F. In particular u descends to a group automorphism u of A, 
and the Diff'^^(M)-action on V descends to an action on the abelian group A. 
If V is generated by F, then u = ly and (f is cj-invariant for all tu-equivariant 
diffeomorphisms {y^,u). 

Proposition 8. The following equivalences hold for smooth paths (ft in Diff(M) 
and Ut in GL(V^) starting at the identity: {ipt,Ut) & Diff'^^(M, co')<^=^ [d^ipt^^^Ut) G 
X^^(M,cj) G X^^(M,cj). 

This follows from Remark [HI] in the Appendix, where also the left and right 
derivative 5' and 5"^ are defined. In particular if the flow of an cj-equivariant vector 
field (ry, 7) exists, then it consists of tu-equivariant diffeomorphisms. 

Lemma 9. For any loop I in P and any smooth path of uj-equivariant diffeo- 
morphisms {ifti Ut) starting at the identity, we define the 2-chain a in M by 
a{t,s) = ipt{q{i{s))) , t,s E [0,1], swept out by the loop q o i in M under the 
isotopy iff Then 

[ [ {q*i&i^,uJ - 6^Ut ■ 9)dt = [ uj-u- [e+ [e. 

Ji Jo J a Ji Ji 

Proof. Using ip^u! = Ut ■ u, we compute 

"1 . rl 



Uf l^q*isi^,u;^dt = j ^t ■ j {q*isi^^uj){i{s))ds^dt 
UfUj{6'(pt{q{i{s))),Tq.£{s))dsdt 



^0 

uj{(pt{q{i{s))),T(pt.Tq.i{s))dsdt = / u 

'0 Jo Ja 

and the result follows. □ 
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The quotient space H^{P,V) / H\P,T) is a natural Diff=''(M, cj)o-module be- 
cause, as we have seen in Remark [TJ Diff°'^(M, a;)o acts trivially onT gV, hence 
it acts trivially on H\P, T) C H\P, V). 

The map 

Flux"^ : Dir'i(M,u;)o ^ H\P, V)/H\P, T) 

Flux"^((^, u)= [ Uf flux"^(5Vt, ^^ut)dt mod H\P, T) 
Jo 

[ Ufiq\i^,uj-S'uf9)dt\ mod H\P,T), (11) 
■Jo ^ 

for any piecewise smooth path of tu-equivariant diffeomorphisms {(ft,Ut) from 
the identity to {(p,u), is a well defined group 1-cocycle, called the flux 1-cocycle 
associated to the closed vector valued form u with discrete period group T. 

The map Flux*^*^ is well defined because Lemma |9] implies that for a loop [ipt, Ut) 
of tu-equivariant diffeomorphisms based at the identity, the integral over a loop I 
in P of the 1-form Ut ■ {q*isiiptUJ — 6''Ut ■ 6)dt is the integral of uj over a 2-cycle 
cr, hence it belongs to the group F of periods of uo. The 1-cocycle condition for 
Flux'^^ is verified as in Proposition [M] from the Appendix. 

Remark 10. The flux homomorphism associated to a closed vector valued 2-form 
UJ is defined by 

Flux : Diff (M, uj)o H\M, V)/H\M, F) 

Flux(y?) = [ [isr^^uj]dt mod H\M,T) = ! [isi^^dt mod H^{M,T) (12) 
Jo Jo 

for any smooth curve (pt in Diff(M, cj) connecting the identity and (p. The group 
Diffex(M, to") = (KerFlux)o is called the group of exact u) -invariant diffeomor- 
phisms. For a symplectic manifold (M, tu), the symplectic flux homomorphism 
Soj is obtained by the factorization of a smaller subgroup, 11 C H^{M,r), called 
the flux subgroup, so : Diff(M, a;)o i7^(M, M)/n. In this case the group 
of hamiltonian diffeomorphisms Ham(M, cj) coincides with Diffex(M, w), because 
KerS'^ = (KerFlux)o [NV03] . 

The group Diffg^(M, a;) = (Ker Flux'^'^)o is called the group of equi-hamiltonian 
diffeomorphisms. The flux 1-cocycle Flux'"' and the flux homomorphism Flux are 
related by Flux'^'^ oi = q* o Flux, hence i descends to an injective homomorphism 
Diffe.(M,a;))^Diff^^(M,^). 

The next proposition follows from Corollary [37] in the Appendix. 

Proposition 11. For any piecewise smooth path of uj-equivariant diffeomor- 
phisms {pt,ut), we have {ipt,Ut) G Diff^^(M, u;)<l^ {6^ipt,6^Ut) G Xl^{M,uj)^ 
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Remark 12. In the special case when uj = da for an a G Q^{M, V) (in particular 
the period group F = 0), the flux homomorphism is given by Flux(y9) = [^9*0;— a] G 
if^(M, V). To compute the flux 1-cocycle Flux'"^ in this case, let P = M x V 
M be the trivial ^-bundle with principal connection 1-form 6 = q*a + Oy and 
curvature u, where By = S\lv) G Q^{V,V) stands for the Maurer-Cartan form 
on V. We get 

Flux^'^ : Diff"^(M, u) H\P, V), Flux"^((^, u) = q*[y^*a - u ■ a]. 

Indeed, let {ipt, Ut) be a path of cj-equivariant diffeomorphisms joining the identity 
and {(p,u). From ^[yjj'a] = [ufisiipt^j] we obtain ^[q*(p^a — Uf9] = Uf [q*isl^^uJ — 
6^ut ■ 9]. Integrating this cohomology class from to 1 gives the expression of 
the flux cocycle F\ux^'^{ip,u) = q*[{p*a — u ■ a], because 9 — q*a = 9v is an 
exact 1-form on P. In this case the group of equi-hamiltonian diffeomorphisms is 
Diff;;^(M,o;) = {{(p,u) G Diff(M) x GL{V) ■.ip*a-u-a exact}. 

3 Infinitesimal equi- quant omorphisms and pre- 
quantization 

Appropriate prequantization procedures have been developed for symplectic, pre- 
symplectic, Poisson and also Dirac manifolds |WZ05] . In this section we suggest 
a prequantization procedure for a closed vector valued 2-form in the equivariant 
setting. 

We consider again a principal A-bundle q : P —>■ M for the abelian Lie group 
A = V/T, with principal A-action p, infinitesimal action p : V —>■ X(P), principal 
connection 9 G Q^{P,V) and curvature 00 G Q'^{M,V). By definition, the hori- 
zontal lift of a vector field 77 G X(M) is the unique vector field •1]^°'^, g- related to 
7], satisfying i^hov9 = 0. 

Infinitesimal quantomorphisms 

A vector field ^ G X(P) is called projectable if it is g-related to a vector field 
T] G X(M), and we denote rj = g*^. Projectable vector fields can be characterized 
by Tq 0^0 p[a) = Tq o ^ for all a G A. The Lie algebra of vertical vector fields on 
P is a Lie subalgebra of the Lie algebra of projectable vector fields. 

To every function h G C°°{P, V) one associates the vertical vector field p{h) on 
P by p{h){y) = p{h{y)){y). We endow C°°{P, V) with a Lie bracket such that the 
injective mapping p : C°°(P, l^) X(P) becomes a Lie algebra homomorphism 
for the opposite Lie bracket on X(P). This leads to 

[hi, = Lp(/j2)/ii — Lp(/ij)/i2, (13) 
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because i[p(hi),p{h2)](^ = -^p{/ii)^2 — -^p(/i2)^i- The Lie algebra of projectable vector 
fields Xproj(-P) is a non-abelian Lie algebra extension of X(M) 

^ C°°(P, V) ^ Xproj(P) ^ X(M) ^ 0. (14) 

The bracket f|T3|) on pull-back functions g*/ for / G C°°(M, vanishes, so 
C°°(M,V^) is an abelian Lie subalgebra of C'^{P,V). The Lie algebra X(P)^ 
of A-invariant vector fields on P (infinitesimal automorphisms of P) consists of 
vector fields ^ such that p{a)*^ = for all a G A, or equivalently Lp(^y)^ = for 
all V ^ V. Restricting (fT4|) to the Lie algebra X(P)'^ we obtain an abelian Lie 
algebra extension 

^ C°°(M, V) ^ X{P)^ ^ X{M) (15) 

defined by the curvature form uj on M viewed as a Lie algebra 2-cocycle on X(M) 
with values in the X(M)-module C°°(M, V). 

The Lie algebra of infinitesimal quantomorphisms is 

X(P, 6)^ = {^e X(P)^ : L^e = 0} = G Xp,oj(P) : L^O = 0}. 

We check the non-trivial inclusion: if g^,^ = rj and L^6' = 0, then [^,p{v)] = 
for all f G because it is a vertical vector field (g-related to [r], 0] = 0) and 
Hi,pM]^ = -^5^ = 0, so ^ G X(P)^. 

Restricting (ITSl) further to X(P, ^)^, we get the central extension 

O^V ^ X(P, 0)^ ^ Xex(M, cj) ^ 0, (16) 

the vector valued analog of the prequantization Lie algebra central extension. In- 
deed, let ^ G X(P, 6*)^. Both ^ and 6* G fi^(P, V^) being A-invariant, the function 
i^6 G C°°(P, V^) is A-invariant too, hence it descends to a function on M. 
Now L^^^ = and g*^ = ?7 imply i^cu = d{—q^,i^9), so ^ is g-related to the hamilto- 
nian vector field rj. On the other hand p{h) G X(P, ^)'^ implies = Lp(^h)0 = dh, so 
the only vertical infinitesimal quantomorphisms are of the form p{v), v & V. The 
Lie algebra cohomology class describing this extension is the class of the 2-cocycle 
on Xex(M,Lj) given by (771,772) ^ -^^(^71, ^2)(a;o), Xq G M. 

A function / G C°°{M, V) is a hamiltonian function for the vector field rjj ii 
ir^jUj = df, so the hamiltonian functions on M have to be constant along the leaves 
of Kerti; C TM. They form the subspace of admissible functions C^^{M,V). 
A hamiltonian vector field associated to such an admissible function / can be 
determined only up to a section in r(Keru;). 

Remark 13. The linear map 

e G X(P, 6)^ ^ -q^i^e G C,°S^(M, V) (17) 



11 



is surjective. Indeed, given an admissible function /, there exists a hamiltonian 
vector field rjf, and the vector field C,f = tj^'^^ — p{q*f) is an infinitesimal quanto- 
morphism with i^j,6 = —q*f. The kernel of (|T71) is r(Ker 

In the symplectic case (Kercj = and A = T) we have C^^{M) = C°°{M) 
and the hamiltonian vector field ///is uniquely determined by its hamiltonian 
function /. The linear map f|T7|) is a bijection with inverse 

/ e C^{M) ^ := r/J- - {q*f)E G X{P, e)^, (18) 

E = p{l) denoting the infinitesimal generator of the circle action on P. This is the 
symplectic prequantization, in the construction due to Souriau, which associates 
to each function / G C°°(M) the infinitesimal quantomorphism C,f on P |S70j . 

Infinitesimal equi-quantomorphisms 

For the equivariant setting we observe that the space C^(P, l^) of almost A- 
invariant functions defined in ( fTOj) endowed with the Lie bracket 

[/ii,/i2] =7h2 -7fti °^2, (19) 

is a Lie subalgebra of C°°{P, V) with Lie bracket (fT3!) . because Lp(^hi)h2 = — 7/i2°^i 
for hi,h2e C^iP, V). On the other hand 

;^cq(p)A ^ 1^ ^ ^(p) . 3^ ^ ^^^y^ ^^^^ ^ ^ .^^^^ ^ (20) 

is the Lie algebra of almost A-invariant vector fields. Its characterization as 

^e^^p^A ^ 1^ ^ ^(p) : 37 : A ^ y s.t. Va G A, p(a)*e - ^ = p(7(«))} (21) 

can be deduced from the identity 

|(p(exptw)*^ - ^ - p(7(exptf))) = p(exp tt;)*(Lp(^)^ - p(7(^^))), 

7 being a group homomorphism with 7 o exp = 7. 

Every almost A-invariant vector field is projectable, since applying Tq to the 
characterizing relation in fl2Tl) we get Tq 0^0 p(a) = Tq o ^ for all a & A. We 
restrict the extension f|T4|) to the Lie algebra X'"'(P)'^ of almost A-invariant vector 
fields, obtaining a new Lie algebra extension 

C^{P, V) A X^^(P)^ ^ X(M) ^ 0, (22) 

with C^(P, \^) the space of almost A-invariant functions defined in ( ITOl) . This 
can be seen as follows: for an arbitrary function h G C°°{P, V), the necessary and 
sufficient condition for the vertical vector field p{h) to be almost A-invariant is 
Lp{v)P{h) = P(7('^)); but we know from f|T3|) that Lp(^y)p{h) = —p{Lp(^^^h)^ so the 
condition above becomes Lpi^^^h = —7(f), which means G C^(P, V). 
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To pass to an abelian extension by we have to consider the Lie algebra 

X'^iP, 6)^ = {^e Xproj(P) : 37? e QiiV) s.t. L^O = 1^-6} 

of infinitesimal equi-quantomorphisms. The hnear map 7^ G 0^^) is determined 
by ^ because 7?(f) = li,{ip{v)G) = ip{v)L^6. The Lie algebra X'"'(P, 6*)^ contains as 
a Lie subalgebra the Lie algebra X(P, 0)^ of infinitesimal quantomorphisms. 

The infinitesimal equi-quantomorphism ^ determines an u;-equivariant vector 
field (g'*^,75) on M. Moreover ((3'*^,7?) is an equi-hamiltonian vector field for the 
equi-hamiltonian function h = —i^6 G C'^^{P, V), because 

dh = —di^O = i^dO — L^O = q*iq^^uj — ■y^ ■ 9. 

An equivariant version of Remark [T3] holds. 

Proposition 14. The linear map 

e G X^^iP, 6)^ ^ -z^e G CrUP, V). (23) 

is surjective with kernel r(Ker cu)'^"''. 

Proof. Given h G C^^{P, V), let {rj^, 7/1) be an equi-hamiltonian vector field with 
equi-hamiltonian function h and let '■= Vh""^ ~ pW- Then ^ X'^'^{P,9)'^ 
because L^^^O = L^horO — Lp(^h)6 = q*in^u — dh = ■ 6 . The linear correspondence 
(|23|1 is surjective since —i^^f^O = h. 

Let ^ G X'^^(P, 9)^ be an element in the kernel of fl25]) . Then ^ is a horizontal 
Uft: there exists r] G X(M) such that C, = r/^'^^. But ^ is an infinitesimal quanto- 
morphism, so 7^ ■ 6' = L^hor9 = ij^hordO = We get 7^ = 0, so ir,uj = 0, which 

means 77 G r(Kerc(j). □ 

The next proposition shows the inclusion X'^'^{P, O)"^ C X'^'^{P)^. 

Proposition 15. Any infinitesimal equi-quantomorphism with L^9 = j^- satis- 
fies Lp(^^)^ = p(7c(f )) for all v eV. 

Proof. The infinitesimal equi-quantomorphism ^ is projectable and p{v) is vertical, 
so Lp(^y^^ = [p{v),^] is also vertical. A short computation using L^9 = •y^ ■ 9 gives 
^\piv),i]^ = 7c(^)- These two facts imply Lp(„)^ = p{j^{v)). □ 

Theorem 16. The Lie algebra of infinitesimal equi-quantomorphisms is an abel- 
ian extension of the Lie algebra X|5(M, cj) of equi-hamiltonian vector fields by 
the natural Xl^{M,uj) -module V. An abelian Lie algebra 2-cocycle on Xg^(M, u;) 
defining this abelian extension is ((771,71), (772,72)) ^ —^{Vi^V2){xq), for any fixed 
element xq G M. 
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Proof. We show that the following sequence of Lie algebras is exact: 

O^V ^ X''^(P, 6)^ ^ K^{M, uj) 0, (24) 

where p(^) = (5*^,75). The injectivity of p is clear. The surjectivity of p follows 
from the surjectivity of fl23l) . The inclusion p{V) C Kerp follows from p o p = 0. 
For the reversed inclusion let ^ G Kerp C X'^*^(P, 9)^. Then L^9 = and C, = p{h) 
for some h G C°°(P, V). From Lp(^h-^6 = dh and from the connectedness of P 
follows that G p(y). The induced action of Xg^(M, u;) on \^ is the natural 
one because from Proposition [T^ we get [p{v),^] = p{j^{v)) for all f G and 
e G X"i(P,e)^. 

We determine the 2-cocycle defined with the linear section s of (!24|) given 
by s{r),'y) = 77^™ — /?(/;.), where is the unique equi-hamiltonian function of 
the equi-hamiltonian vector field (^7,7) vanishing at a fixed point yo G g^^(xo). 
First we observe that given the equi-hamiltonian vector fields (?7i,7i) and (772,72) 
with equi-hamiltonian functions hi and h2 vanishing at i/q, the equi-hamiltonian 
function vanishing at z/q for the bracket (— [?7i, ?72], 7i72 — 727i) is 7i o /?-2 — 72 ° 
hi + q*u{r]i, 772) - t^(^?i, il2){xo). Indeed, 

rf(7i o /i2 - 72 o /ii + q*u{r]i, 772)) 

= 7i ■ (9*^r,2t^ - 72 ■ 6^) - 72 ■ (g*«r,i^^ - 7i ■ 6') + q*di^Jr,iUJ 
= q*{i^^Lr,^U - irj^Lrj^UJ + di^^irj^uj) - (71 O 72 - 72 O 7i) • 6* 
= -9*^[m,'?2F - (71 o 72 - 72 o 7i) ■ e. 

Since is the curvature of the principal bundle P, the identity [rji"'^, 773 "'^j — 
[rji,7]2]^°'^ = —p{q*uj{rii,ri2)) holds by Proposition [5l The equi-hamiltonian func- 
tions hi and /i2 belong to C^(P, V^), so by ffTI?]) we have [p(/;,i), p(/i2)] = p{'j2°hi — 
7i o /;,2). Using also the fact that [p{hi) , ri2°^] = —p{L^horhi) = —p(q*Lj{rji,ri2j), 
we compute 

[s{r^,,^,),s{r^2,l2)]' s{[{vi,ji),{V2,l2)]) = -iVi''' - p{hi),V2^^ 

+ [Vi: ^2]''°'' - p(72 o /ii - 7i o /i2 - q*uj{r]i, 772) + tu(?7i, r72)(xo)) 

= [p(/ii),r/2'°1 - [P(/^2),<°1 - [p(/^i),p(/i2)] 

- p(72 o /ii) +p(7i ° ^2) + 2p{q*uj{r]i,r]2)) - p{uj{r]i,r]2)ixo)) 

thus obtaining a Lie algebra 2-cocycle for the abelian extension fl24|) . □ 

Remark 17. Under the assumption \^ = Vq, the closure of the image of u : TMxm 
TM — »• l^, the Lie algebra of equi-hamiltonian vector fields can be identified with 
its projection on the first factor: 

X2{M,uj) = {r]e X(M) : 37 G gl{V) s.t. g*i^cu - 7 ■ ^ exact}. 

In this case the abelian extension fl24l) can be seen as a restriction of fl22l) . 
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4 Prequantization abelian group extension 



Given / G C°°{P, A) we denote by p(/) the fiber preserving smooth map 

yeP^pif)iy)=p{yJ{y))eP. 

The space C^^j.{P,P) of fiber preserving smooth maps has a monoid structure 
with respect to the composition of maps. So there is a unique monoid structure on 
C°°{P,A) such that the bijective mapping p : C°^(P,A) C^^^{P, P) becomes 
an isomorphism, namely 

{fi-f2){y) = fMyj2{y)))f2{y). (25) 

The image by p of the group of invertible elements C°°{P, A) ij^^cr in C°°{P,A) is 
the group of invertible elements in C^^^{P,P), i.e. the group of fiber preserving 
diffeomorphisms of P. 

The group Diffproj(-P) of projectable diffeomorphisms is the group of diffeo- 
morphisms of P which map fibers to fibers, i.e. those ip G Diff(P) such that 
q o ip = if o q for some Lp G Diff(M). Projectable diffeomorphisms of P can be 
characterized by g o o p(a) = q o ip for all a G A. We write (p = q^ip ^ind the 
diffeomorphism if belongs to Diff(M)[p], the group of diffeomorphisms preserving 
the isomorphism class [P] of the principal bundle P. The exact sequence of groups 

1 ^ C°°(P, A)i,.er ^ Difrproj(P) ^ Diff (M)[p] ^ 1 (26) 

is a non-abelian group extension with infinitesimal version the non-abelian Lie 
algebra extension f[T^ . 

Invariant setting 

Let Diff(P)^ be the group of A-equivariant diffeomorphisms of P, i.e. automor- 
phisms of the principal bundle P. An abelian extension is obtained by restricting 
the previous exact sequence to the subgroup Diff(P)'^ C Diffpi.oj(P): 

1 ^ C°°(M, A) A Diff (P)^ ^ Diff (M)[p] ^ 1, 

with infinitesimal version the abelian Lie algebra extension f[T^ . Indeed, p{f) is 
A-equivariant if and only if / is A-invariant, so / = / og for some / G C°°{M, A). 

A central extension can be obtained by a further restriction to the group of 
quantomorphisms 

Diff (p, = {^e Difr(p)^ : = e} = {^e Diffproj(P) : = e}. 

The quantomorphisms of P descend to holonomy preserving diffeomorphisms on 
M. Denoting by h{i) G A the holonomy around a loop i in M, let 

Hol(M, tu) = {v? G Difr(M) : V£ G C°°{S\ M), o i) = h{i)} 
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be the group of holonomy preserving diffeomorphisms. It is a subgroup of the 
group DifF(M, uj) of cj-preserving diffeomorphisms. Similar to the prequantization 
central extension ([1]) due to |K70] |S70] |RS81] , one has a prequantization central 
extension for a vector valued 2-form |NV03] : 

Difr(P, 6)^ ^ Hol(M, u) 1. (27) 

For this we use Proposition [331 in the Appendix. Given / G C°°{P, A), p{f)*6 = 9 
if and only if 5\f) = 0, so / is a constant G A. Passing to connected components 
of the identity we get the other prequantization central extension 

A^ Diff (P, 6)^ ^ Difrex(M, uj) 1. (28) 
Equivariant setting 

The group of almost A-equivariant diffeomorphisms of P is 

Diff"^(P)^ = G Diff (P) : G Aut(A) s.t. o p(a) = p{u^{a)) o 7/^, Va G A}, 

where Aut(y4) denotes the group of group automorphisms of A. One can describe 
Diff*^^(P)'^ as the group of those diffeomorphisms ip of P such that the vertical 
vector fields p{v) and p{u^{v)) are ■^/'-related. It is a subgroup of Diffpi.oj(P) 
because qotp o p[a) = q o p{u.^[a)) o ■?/; = g o -0 for all a G A. 

The fiber preserving diffeomorphism p(/) for / G C°°(P, A) is almost A-equi- 
variant if and only if p(/) o p(a) = p('Up(j)(a)) o p(/), which can be written as 
f {y)~^ f {p{y , a)) = a^^Up(^f){a) for all y E P. We define the set of almost A- 
invariant maps 

C^{P, A) = {f e C°°(P, A) : Va G A, f-\f o p(a)) constant on P}. 

For an almost A-invariant function h G C^(P, V), exp oh is an almost A-invariant 
map with uj = exp 07^. The existence of a unique uj G Aut(y4) such that 
f iy)~^ f {p{y , a)) = a~^Uf{a) for all a G A and y E P follows easily. We observe 
that p(/) G Diff'"'(P)^ if and only if / is an almost A-invariant map with Uf = 

A group multiphcation on C^(P, A) is 

Ui-f2){y) = fi{y)ufmy)). 

and it becomes a subgroup of C°°(P, A)inver with multiplication fl25l) . Indeed, 
for /i,/2 G C^(P,A), /i(p(2/,/2(l/)))/2(l/) = fi{y)ufAf2{y)). The abelian group 
C°°(M, A), identified with the group of A-invariant maps / : P ^ A, is a sub- 
group of C^(P, A) (in this case m/ = Ia). 

Restricting (!26l) we obtain a non-abelian group extension with infinitesimal 
version (122|) : 

1 ^ C^(P, A) ^ Diff"'^(P)^ ^ Diff (M)[p] ^ 1. (29) 
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The rest of this section is devoted to "integrate" the abehan Lie algebra ex- 
tension to a prequantization abehan extension. We define the group of equi- 
quantomorphisms as 

Diff"^(P,^)^ = e Diffproj(P) : Bu,p e GL{V) s.t. ipW = ■ e}. 

It contains the group Diff(P, ^)'^ of quantomorphisms as a subgroup. The hnear 
isomorphism is uniquely determined by ip. When ip e Diff(M) with qo%l} = ipoq, 
by differentiating the relation iIj*9 = ■ 9 we get ip*u = ■ ui, hence {ip,u^) is 
an a;-equivariant diffeomorphism. 

The proof of the next proposition follows from Remark [HI] in the Appendix. 

Proposition 18. For a smooth curve ipt in Diff(P) starting at the identity we 
have iJt G Diff"^(P, 6)^ ^ 5% e X^%P, 6)^ ^ d'^t e X^'i(P, O)"^. 

In particular if the flow of an inflnitesimal equi-quantomorphism exists, then 
it consists of equi-quantomorphisms. 

Proposition 19. The group Diff'''^(P)"^ of almost A-equivariant diffeomorphisms 
contains the group Diff'^''(P, 9)"^ of equi-quantomorphisms as a subgroup. More 
precisely, the deviation from A-equivariance of an equi-quantomorphism ip is mea- 
sured by the isomorphism G GhiV). 

Proof. Let ip be an equi-quantomorphism with il)*9 = ■ 9. Then ip~^ is an 
equi-quantomorphism too, with {%Ij~^)*9 = (u^)^^ ■ 9. For any a E A, the diffeo- 
morphism Ip o p(a) o ip~'^ is flber preserving and ^-invariant, in particular it is of 
the form p{f) with / G C°°{P, A)inver depending on a. From Proposition [321 in the 
Appendix, = p{f)*9 — 9 = S\f), so that / is a constant denoted u{a) G A. We 
obtain that ip o p[a) = p{u{a)) o tp^ so u E Aut(74). The inflnitesimal version of 
this identity is Tip o p(^v) = p{u{y)) o ?/), where u G Ghiy) with u o exp = exp on. 

It remains to be shown that u = u^. This follows from the above mentioned 
fact that piy) and p{u{y)) are ■j/'-related: u^{v) = ip(^v){%p*9) = ip*{ip(^u{v))G) = u{v) 
for all V eV. □ 

The group Hor''(M, of diffeomorphisms preserving the holonomy up to a 
group automorphism of A, called the group of almost holonomy preserving diffeo- 
morphisms is 

Hor'i(M,cu) = m) g Diff(M)xAut(A) -.Mi e C^{S\ M),h{^ol) =u{h{i))}. 

The group IIor''(M, a;) acts in a natural way on the abelian group A. Adapting 
the idea of the proof of Theorem 2.7 in |NV03j to the equivariant setting, we will 
show that 

1 ^ A A Diff'^'i(P, 9)^ ^ Hor^(M, u) 1 (30) 
is an exact sequence of groups integrating the abehan Lie algebra extension ( !24l) . 
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Lemma 20. Given {ip,u) G llor'^{M,uj) and, for a fixed Xq G M, a bijection 
^xo ■ q~^{xo) q-^{ip{xo)) satisfying o p(a) = piu{a)) o tp^^ for all a e A, 
there exists a unique equi-quantomorphism ip of P extending ip^o and descending 
to the diffeomorphism (p of M. 

Proof. Let Pt(c) : q~^{xo) q~^{x) denote the parallel tansport map along a 
curve c from xq to x in M. It defines a map 

= Pt{^ o c) o o Pt(c)-^ : q-\x) ^ q-\v{x)) (31) 

which does not depend on the choice of c, because for every loop i at Xq 

Pt(^ o i) o V;,,, o Pt(£)-l = piu{hm o o p(/iW)"' = ^xo- 

The maps ip^, x & M, glue to a diffeomorphism %p oi P which satisfies ip o p(a) = 
p{u{a))oil) for all a G A. Its infinitesimal version is: p{v) and p{u{v)) are ■j/'-related, 
where -u G GL(y) is given by exp ou = uo exp. 

The tangent map Tip : TP TP maps horizontal vectors to horizontal vectors 
because for any horizontal lift c'^°'' of the curve c, the curve ■j/'oc'^™ is the horizontal 
lift starting at ^{c^°'{<d)) of the curve ^ o c. Indeed, Vt{c)-^{c^°'{t)) = c^°'{0), so 
by ([3ID we obtain {tp o c^°'^)(t) = Pt(^ o c|[o,t])(V'(c^°''(0)). Now one can show that 
= u-9: 

for all r/ G X(M) and w G 1^. □ 

Theorem 21. T/ie group Diff^''(P, ^)'^ o/ equi-quantomorphisms is an abelian 
extension of the group HoP''(M, u) of almost holonomy preserving diffeomorphisms 
by the natural }lor'^{M,uj) -module A, i.e. (!30|) is an exact sequence of groups. 

Proof. For tp G Diff'^^(P, ^)'^ with ip o q = q o ip and ip*0 = ■ 9, we define 
= where G Aut(y4) with u^p o exp = expow^. In particular ip is 

almost y4-equivariant: ip o p(a) = p{u^{a)) o ip hj Proposition [T9l 

We verify that h{ip o i) = u^{h{t)) for any i G C^i^S^, M), showing that is 
an almost holonomy preserving diffeomorphism. First we observe that if &™ is a 
horizontal lift of the loop £, then %p o is a horizontal lift of the loop ip o t. 

Then the desired identity follows from the computation 

p{{^P o £h-)(0), h{p o £)) = o £h-)(l) = ^(p(£^-(0), /.(£))) 

= p(^(£^-(0)),w^(M£))). 

Thus p : Diff'"'(P, ^)^^ Hor''(M, tu) is well defined. By the previous lemma it is 
also surjective, and fl30|) is an exact sequence of groups. □ 
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Adapting the proof of Corollary 2.8 in |NV03j to the equivariant setting, one 
shows that the identity component Diff^'^(P, 9)^ of the group of equi-quanto- 
morphisms is an abelian extension of the group Diffg^(M, cj) of equi-hamiltonian 
diffeomorphisms by the natural Diffg^(M, C(j)-module A: 

l^A^ Diff^^(P,0)^ ^ Diff^^(M,o;) ^ 1. (32) 

We call this the prequantization abelian extension. 

Remark 22. Like in Remark [T7t if \^ = Vq the closure of the image of uj : TM Xm 
TM —>■ V, the group of equi-hamiltonian diffeomorphisms can be identified with 
its projection on the first factor. In this case (!30!) can be seen as a restriction of 
( !29|) . and the same is true for the prequantization abelian extension. 

Group 2— cocycle 

In the special case when u = da for some a E (M, V) , the principal bundle with 
curvature u is P = MxV-^M with principal connection 1-form 6 = q*a + Oy, 
where By denotes the Maurer-Cartan form on V. Then the prequantization central 
extension (128|) for {M,da) is defined by V^-valued group 2-cocycles |ILM06] : 

on Difrex(M, uj), where / : DifTex(M, cu) C°^{M, V) is a map satisfying /(1m) = 
and d{f{ip)) = a — ip*a. Here a; G M is arbitrary, because one observes that 
c(</3i5 ¥'2) does not depend on x. 

We show that the prequantization abelian extension fl52]) is described by a 
similar valued group 2-cocycle on Diffg^(M, cj). 

Theorem 23. Given uo = da for a G Q}{M.,V), the identity component of the 
group of equi-quantomorphisms Diff'^^(P, 6')f^ is the abelian extension of the group 
of equi-hamiltonian diffeomorphisms DifFg^(M, cj) by V with cohomology class de- 
fined by the V -valued group 2-cocycle c on Diffg^(M, cj), 

c((v9i,Mi), {V2,U2)) = Ui{f{(p2,U2)ix)) - f {(pi(p2, UiU2)ix) + / (v^i , Mi ) (v92 (a^) ) , 

where f : Diffg^(M, cj) C°°{M,V) is a map satisfying /(1m, ly) = and 
d{f{(f,u)) = u ■ a — (p*a. Different choices for f define cohomologous cocycles. 

Proof. The existence of the map / follows from Remark [121 

Let ip be an equi-quantomorphism of {P = M x V, 6 = q*a + 6v). Then it is 
of the form ■iIj{x,v) = {ip{x),m^{x,v)), where (p = q^ip and : M x V ^ V. 
The condition ip*9 = u ■ 6 becomes dm^ = d{f{ip,u) + u) because iIj*{6v) = dm^ 
and il)*q*a = q*ip*a = q*{u ■ a — d{f{ip,u))). Hence the map is of the form 
m^{x,v) = f{ip,u){x) -\- u{v) + a for some a G so 

^{x, v) = {(fix), f{(p, u){x) + u{v) + a). 
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In this way we define a bijection ip \—>- {{ip,u),a) between Diff''''(P, and the 
cartezian product Diffg^(M,w) xV C Diff(M) x GL{V) x V. The following com- 
putation shows that the group Diff'^'^(P, 9)q is isomorphic to the abelian extension 
defined by the given l^-valued group 2-cocycle c on Diffg^(M, tu): 

(V9i, Ml, ai) o ((^2, U2, a2){x, v) = {fi,ui, ai){ip2{x), /(v?2, U2){x) + U2{v) + 02) 

= {lPiLP2{x), /(v?i, Mi)(v92(a;)) + Uif{(^2, U2)ix) + UiU2iv) + Ml (02) + Ql) 

= (v?iv?2(a;), f{viV2, UiU2){x) + UiU2{v) + ai + Ui(a2) + c((v2i, (v52, ^^2))) 

= (V51V52, M1M2, ai + Ml(a2) + C((V91, Ml), (V22, U2))){x, v) 

for all (x, m) G P, which means ((v^i, mi), ai)o((y92, ^2), ^2) = ((v^i, mi)(v^2, M2), ai + 

(V?l, Ml) ■ 02 + C((v?l, Ml), (V52, M2))). □ 

5 Group extensions via prequantization 

Let G be a connected Lie group, A a smooth G-action on M with infinitesimal 
action A, and uj G VL^{M,V) a G-invariant closed 2-form. The G-action A is 
called a hamiltonian action if ix{^x)^ ^ Vt^{M,V) is exact for all X G g. In this 
case A is a group homomorphism : G Diffex(M, w). Assuming the period group 
r of a; is discrete and denoting A = V/T, we consider again a principal 74-bundle 
q : P —>■ M with connection 6 G ^^{P, V) and curvature u. 

In Theorem 3.4 from |NV03j is proven that, given a hamiltonian action A of a 
connected Lie group G on (M, u), there exists a central Lie group extension G of G 
by A and a smooth G-action on (P, 6') by quantomorphisms, lifting the G-action. 
The central extension of G is a pull-back of the prequantization central extension 
(!28|) and a corresponding Lie algebra cocycle is {X,Y) 1— > —uj{\{X),\{Y)){xo), 
X,Y G g, where xq G M is fixed. The manifold structure on G is obtained from 
the pull-back bundle of P by an orbit map of G on M. 

These results are generalized in this section to obtain abelian Lie group exten- 
sions of G associated to a G-equivariant 2-form uj. We consider a smooth action 
A on M and a linear action bonV such that u is G-equivariant, i.e. X*gU! = bg ■ uj. 
Let A : g X(M) and 6 : g — gliV) denote the infinitesimal g-actions. The pair 
(A, b) is called an equi-hamiltonian G-action if the 1-form q*i^-^-^uj — b{X) ■ 9 is 
exact for all X G 0. 

In this case {\g,bg) G Diffg^(M, cj) for each g E G,hj Proposition [TTl Then 
the pull-back of the prequantization abelian extension fl32|) by (A, 6): 

G = {(^, ^) G G X Diff (P) : q,^ = Xg, t^W = bg ■ 6}, (33) 

is an abelian group extension l^A-^G-^G-^1 with i{a) = {e,p{a)) and 
p{g,ip) = g. The induced G-module structure on A comes from the linear action 
b on V. 
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To show that G is a Lie group with a smooth action A by equi-quantomorphisms 
of (P, 6), hfting the action A, we use Lemma 3.2 and Lemma 3.3 from |NV03j and 
we adapt the proof of Theorem 2.7 to our equivariant setting. 

Theorem 24. Given uo G i7^(M, V) a closed 2-form with discrete period group T 
and an equi-hamiltonian G-action {X,b), there is an abelian Lie group extension 
G of G by the G -module A = V/T, integrating the V -valued Lie algebra 2-cocycle 

(X,F) ^ -cu(A(X),A(F))(xo), X,r e s, (34) 

whose cohomology class does not depend on the choice of the point xq G M . There 
is also a G-action X on P lifting the G-action and such that 9 is G -equivariant, 
I.e. Xp = bp^fi) -9 for any g eG. 

Proof. Let X^^ : g E G Xg{xo) G M be the orbit map, and let A*yP ^ G be 
the pull-back of the A-bundle P — > M. From Lemma 3.2 follows that an element 
I/O G P with q{yo) = xq defines a bijection {g,ip) G G i— >■ {g,ip{yo)) G A*pP, and 
the smooth manifold structure transported on G by this bijection does not depend 
on the choice of xq. 

We define the G-action A on P by 

X:{{g,i,),y)eGxP^ij{y)eP 

It lifts the G-action A : G x M ^ M and 9 is G-equivariant because ip is an 
equi-quantomorphism. Its restriction to A is Xa = p{a) for a G A. 

In order to show that A is smooth, we put product coordinates on P and G. 
Any smooth local section sm : C M ^ P of g, with sm{,Xq) = yo, defines a local 
smooth section scig) = {g,i^g) G G of for g sufficiently close to the identity 
of G in order to have Ag(xo) G U. Here ipg is uniquely defined by the condition 

'ipgiVo) = SAf(Ag(xo)). 

We fix the open neighbourhood Ug of e and the convex neighbourhood Um of 
X such that Ug ■ Um C U. Then we define a function f : Ug ^ Um — A with 
/(fi'j ^o) = 1 for all g E Ug hj the relation 

i^gi-SMix)) = p{sMiXg{x)), f{g, x)). (35) 

In other words, for g G Ug the expression of tpg in product coordinates is ipg : 
(x, a) G Um X y4 i-^ {Xg{x), f{g,x)bg{a)) e U x A, where bg G Aut(A) with 
bg o exp = exp obg. This can be deduced from 

{ipgo p{a)){sM{x)) = {pibg{a))oiPg){sM{x)) = p{f{g,x)bg{a)){sM{Xg{x))). 

The connection 1-form in product coordinates U x A is 9 = q*a + Q'^^^^, with 
qA ■ q~^{U) A the second projection, a = s*^9 G VL^{U, V) and 9^^ = 5' (1a) G 



21 



Q^{A, V) the Maurer-Cartan form on A. In particular da = lj on U C M. The 
condition ip*9 = bg ■ 9 imphes S^fg) = A*a; — bg ■ a. Indeed, 

= rgiq*cy + q\e\) - bg ■ iq*a + q^e'^) = q*{\*ga - bg ■ a) 

+ 5\mo {bg o q^, fg o q)) - q\5\bg) = g*(A*a ~ bg ■ a - 5\fg)) 

because qA° i^g = 'fn ° ipg o qA, fg ° <?) for m the group multiplication map of A 
and 5\m o {hi, /i2)) = 6^hi + 5'/i2 for hi, h2 : P ^ A. 

Using the Poincare Lemma applied to the closed 1-form A*a — bg ■ a on the 
convex set Um-, we obtain that / is a smooth function. Then 

(p(a) oiPg){p{sM{x),a')) = p{sMiXgix))J{g,x)abg{a')) 

assures the following expression of A in product coordinates: 

X{{g,a),{x,a')) = {Xg{x), f{g, x)abg{a')), 

thus showing the smoothness of A. 

The A-valued local group 2-cocycle on G corresponding to the section sg is 

c{gu92) = figuXg^ixo)), (36) 

because 

^gi^giiVo) =^gi{sM{Xg2{xo))) = p(sM(Ag,g2 (a;o)), /(^i, Ag^ (xq))) 
= P(^3i<?2(Z/o), f{9u ^g2{xo)))- 

This shows the smoothness of multiplication and inversion in an identity neigh- 
borhood in G. That the left multiplications are smooth, follows from the fact that 
G acts by smooth maps on the bundle P. Now Lemma 3.3 in |NV03j implies that 
G is a Lie group. 

The corresponding Lie algebra extension 0— >\^-^g^g^Ois the pull- 
back by (A, b) : g ^ X|5(M, u) of the abelian extension fl24l) . hence a defining Lie 
algebra 2-cocycle is flM|) . the pull-back by (A, 6) of the 2-cocycle from Theorem 

m □ 

Remark 25. Given an exact 2-form u = da & fi^(M, V) and an equi-hamiltonian 
G-action (A, 6), Theorem [2^ provides an abelian Lie group extension G of G by 
the G-module V. It can be defined also by a group 2-cocycle, the pull-back of the 
cocycle c from Theorem[23]by the group homomorphism (A, b) : G ^ Diffg^(M, a;): 

c{gi,92) = bg^{f{g2){x)) - f{gig2){x) + f{gi){\g^{x)), 

where f{g) G G°°(M, V) with /(e) = and d{f{g)) = bg ■ a - X*ga, and x e M 
arbitrary. If f{g){xo) = for all g & G, one obtains fl36l) like in the proof of the 
previous theorem. 

The G-action on P = M x V lifting the G-action and such that 6 is G- 
equivariant is {g,v) ■ {x,v') = {Xg{x), f{g){x) + bg{v') +v). 
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Proposition 26. Every abelian Lie group extension 1 ^ A = V/T —>■ G 

G ^ 1 of a simply connected Lie group G can be obtained as a pull-back of the 
prequantization abelian extension (132!) . 

Proof. Let q = q k^^V he the corresponding abehan Lie algebra extension, which 
is defined by a V-valued 2-cocycle a on g, and let p : g — > V denote the projection 
on the second factor. Then G is a principal A-bundle with principal connection 
6 = p'^'^, the G-equivariant 1-form on G with identity value 6^ = p, and curvature 
uj = —a'^^, the closed G-equivariant 2-form on G with identity value Ue = —c. 
Indeed, the Chevalley-Eilenberg differential of the 1-cochain p on g being the 
opposite of the pullback of the 2-cocycle a on g, we have dp"^"^ = —q*a^'^. 

The G-action (A, b) is equi-hamiltonian, where A denotes the left translation 
on G and b the linear G-action on V induced by the G-module structure of A. 
This we check now. The coadjoint action in G can be expressed with the help of 
a group 1-cocycle k : G ^ Lin(g, V) as 

Ad{g){X,v) = iAd{g)X,bg{v) - Kig){Adig)X)). 

The expression of the Lie bracket in g involving a assures that the Lie algebra 1- 
cocycle corresponding to /t is a : g — > Lin(g, V), a{X', v'){X) = b{X)v'+a{X, X'), 
which means a = b" o p — a". 

From Proposition 6.4 in |N04] follows that for any X E Q the differential of the 
map Kx £ G°°(G, V) defined by n is dux = b{X)-p'^^-\-q*ixrO''^^, where X'"" denotes 
the right invariant vector field on G with identity value X^{e) = X. This follows 
also from Proposition [5^ from the Appendix, observing that [b" opY^ = b{X) -p^^ 
and evx o(^a''Y'^ = —ix^cy^'^. 

Since A(X) = X*", we obtain that (A, 6) is an equi-hamiltonian action: 

fiux'=<^(A(X), 6(X)) = [q*i^^x)^ - b{X) ■ 9] = -[d^x] = 0. 

The pull-back of the prequantization abelian extension 

l^A^ Diff"'^(G,p"^)^ Diff:^(G, -a"^) ^ 1 

by the equi-hamiltonian action (A, b) is an abelian Lie group extension of G by A, 
integrating the Lie algebra 2-cocycle a because 

-a;(A(X),A(r))(e) = a^^(X^n(e) =a(X,r). 

It coincides with the given extension G since they have the same Lie algebras and 
G is simply connected. □ 

6 Examples 

For a connected Lie group G, any abelian extension G by an n-torus T" is a 
central extension. This happens because the automorphism group GL„(Z) of 
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is discrete. This is the reason why the examples of abehan extensions presented 
in this section are infinite dimensionaL The obstructions for the integration of a 
general Lie algebra 2-cocycle |N02] |N04j are presented in the Appendix. 

Theorem [2l] provides a geometric construction of several abelian Lie group 
extensions of diffeomorphism groups. In the examples below, the manifold M will 
always be a homogeneous manifold G/H, with H a connected Lie subgroup of 
G and V a G-module. The G-equivariant closed 2-form u on G/H is uniquely 
defined by a l^-valued Lie algebra 2-cocycle a on g satisfying two properties: 

1. The kernel of a contains the Lie algebra f) of H, so that a descends to a 
skew-symmetric bilinear form on g/i). 

2. a is if-equivariant, i.e. a{Ad{g)X, Ad{g)Y) = h{g) ■ a{X,Y) for all X,Y e 
and g & H. The subgroup H being connected, the last condition is 
equivalent to a{[Z, X],Y) + (t(X, [Z, Y]) = b{Z) ■ a{X, Y) for all X,Y e g 
and Z G f). 

Example 27. We consider the group Diff+(S'^) of orientation preserving diffeo- 
morphisms of the circle and its modules of A-densities on the circle: h\{ip)f = 
{^'Yif o y?) for ^ e Diff+(5i) and / G C°°(^i). The X(^i)-module structure on 

is given by hx{X)f = Xf + XX' f for X e XiS'). 

The abelian extensions of X{S^) defined with the ^^^A^valued cocycles 

ao{X, Y)= [ {X'Y" - X"Y')dx G M C 

(Ti(X, Y) = X'Y" - X"Y' e di 
a2iX, Y) = X'Y'" - X"'Y' G ^2 

integrate to abelian extensions of Diff+(5'^). Corresponding group cocycles are 
presented in |OR98j . These abelian extensions can also be obtained geometri- 
cally by the Theorem [2U taking M to be the contractible homogeneous space 
Diff+(S'^)/S'^, where 5*^ is identified with the subgroup of rotations of 5*^ The 
existence of the Diff+(5'^)-equivariant i^^A^valued closed 2-form ux on M defined 
by the 2-cocycle cta for A = 0,1,2 is ensured by the S^-equivariance of ax and 
the fact that the constant vector fields belong to the kernel of ax- 
The abelian extensions of X{S^) by ^x defined with the 2-cocycles 

ao{X,Y)=XY'-X'Yedo 
ai{X,Y) =XY" -X"Y edi 
a2{X,Y) =XY'" -X"'Y ed2 

integrate to abelian extensions of the universal covering group Diff+(S'^) |N04] . 
For the^eometric construction of these abelian extensions, in Theorem [2^ we take 
G = Diff+(S'^) acting by left translations on M = Diff_|_(S'^), which is contractible. 
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The Diff+(S'^)-equivariant ^^A^valued closed 2-form uj\ is uniquely defined by its 
value ax at the identity, for A = 0,1,2. 

Example 28. Given a volume form on M, a non-trivial i7"'^(M)/(if2''(M)-valued 
Lie algebra 2-cocycle on X(M) is cr(X, F) = (divX)(i(divF). A group 2-cocycle 
on Diff(M) integrating a is constructed in |B03] . 

For the geometric construction of an abelian Lie group extension of Diff(M) 
by its module Q} {M) / dVf {M) , we remark that the 2-cocycle a is Diff(M, /x)- 
equivariant and the Lie algebra X(M, //) of divergence free vector fields is contained 
in the kernel of a, hence there is a closed Diff (M)-equivariant 2-form uo on the 
homogeneous space Diff(M)/ Diff (M, /x). By a result of Moser, this space can be 
identified with the contractible space of all volume forms of total mass 1. Now 
the Theorem [2l] can be applied to uj. 

Example 29. Let 6' be a connection 1-form on the principal GL(n, R)-bundle of 
frames vr : P{M) M. Gelfand's cocycle presented in |R06] is the f2^(M)-valued 
2-cocycle a on X(M) defined by TT*a{X,Y) = tT{L^e A LyO), where X,Y e 
3c(P(M)) are canonical lifts of X,Y G X(M). In the special case M = T"" the 
n-torus, a group 2-cocycle on Diff(T") integrating a is constructed in |B03j . 

For the 2-sphere 5*^, Theorem [Mlprovides a gemetric construction of an abelian 
Lie group extension of Diff(S'^) by ^2^(5'^) integrating Gelfand's cocycle. We 
choose the connection 6 on the principal bundle of frames of S"^ induced by the 
canonical Riemannian metric on S"^. The connected component of the isometry 
group of 52 is S0(3) C Diff(52), so 1^9 = for X e 5o(3) C X{S'^). The 
2-cocycle a is S0(3)-equivariant and the Lie algebra so (3) is contained in the 
kernel of a, hence there exists a closed Diff (S'^)-equivariant 2-form u on the 
homogeneous space Diff (S"^)/ S0(3), given at the identity by a. By a result of 
Smale |S59j . this homogeneous space is contractible, and Theorem [21] can be 
applied to u. 

7 Appendix 

Logarithmic derivative 

In this subsection we collect some properties of the logarithmic derivative |KM97j . 

Given M a manifold and G a Lie group with Lie algebra q, the right logarithmic 
derivative of a function h e C°°(M, G) is 6''h G n\M, g): 

((5'^/i)(X,.) := {T^h.X^,)h{x)-\yX^ G T,M. 

Remark 30. A left logarithmic derivative 5' is defined similarly. There is a relation 
between left and right logarithmic derivatives 

= Ad{h)6^h = ~6\h-^). 
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When h:R^ (M+, ■), then 6''h{dt) = S^h{dt) = (log/i)'(t) is the derivative of 
the logarithm of h. 

Given a curve /i in G we will identify the 1-form S^h with the curve ig^d^h in g. 
When (pt G Diff (M) is a diffeotopy of the manifold M, then S^ipt is the associated 
time dependent vector field on M, and = (f*6^'ipt. For a differential form, 
we have ^^1^ = ^t^s^^t^- This is a particular case of the identity ^{gt ■ v) = 
S^gt ■ {gt ■ v) — gt ■ {S^gt ■ v), for a smooth G-module V and a curve gt in G. 

Remark 31. Given a closed form uj e Q^{M,V), a path (ft of diffeomorphisms of 
M and a path Ut of linear isomorphisms of V, both starting at the identity, the 
following equivalences hold: 

iplcu = Uf uj ^ L^r^p^uj = S^Ut ■ (jJ ^ Lgi^^u) = S^Uf ■ uj. 

We show that Lsr^^cu = 5^Ut ■ uj implies Lpluj = Uf uj. The computation ^{lpIuj — 
Ut ■ ui) = (flLsr^tU — ■ {ut • uj) = S'^Ut ■ {fluj — Ut ■ oj) shows that the curve 
ujt = Lpluj — UfUJ is the unique solution of the differential equation -^uji = 5^Ut ■ cot 
with initial condition a;o = 0, hence cut — 0. 

Remark 32. The right logarithmic derivative satisfies the Leibniz rule 

5''{hih2) = S'^hi + Ad(/ii)(5''/i2 

for /ii,/i2 £ C°°{M,G). In other words 5'^ is a group 1-cocycle on C°°{M,G) 
with values in the C°°(M, G)-module Q}{M,q). The logarithmic derivative of 
a G-valued function /i on a connected manifold M vanishes if and only if h is 

constant. 

The left Maurer-Cartan form on a Lie group G is the 1-form 

e^a^S\lG)en\G,Q). 

It satisfies O^ai^g) = g~^-Xg for Xg G TgG, and 6^h = h*e[. for any h G C°°(M, G). 
Both 9q and 6^h satisfy the right Maurer-Cartan equation 

d^G + A = 0, dS% + A S% = 0. 

Given a G Q^{M, g) which satisfies the right Maurer-Cartan equation da+^aAa = 
and U M simply connected, there exists a smooth function h : U ^ G with 
6''h = a on U, called the Cartan developing of a. In the special case of a domain 
in M^, when s) G G is a smooth two parameter family, we get 

where ^(t, s) = s))h{t, s)"^ and r]{t, s) = (^/^(t, s)'^. 
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Proposition 33. Let 9 G Q}{P,V) be a principal connection of the principal 
A-bundle q : P ^ M with A = V/T. Then for any f G C°°(P, A), 

p{fre = e + 6'{f), (38) 

where p denotes the principal A-action. 

Proof. Let q^^{U) = U x A he a principal bundle chart with q and qA the two 
projections on U and A. The principal connection 1-form in this chart is 

= q*a + q\e\, 

where 9\ = 6^{Ia) ^ ^^{A, V) is the Maurer-Cartan form on A, and a G ^1^{U, V) 
closed. The diffeomorphism p{f) written in this chart is p{f) = (g, m o {qA,f)), 
with m denoting the multiplication map in A. Now 

pifye = q*a + (m o (g^, = q*a + 6\qA) + 6\f) = 9 + 6\f), 

because 5'(m o (hi, /i2)) = + 5'/i2 for hi, h2 : P ^ A. □ 



1— Cocycles 

We list in this subsection some properties of 1-cocycles on Lie algebras and Lie 
groups |N04] . Let G be a Lie group with Lie algebra q and let be a smooth G- 
module. Then ^ is a g-module and the pull-back action by the universal covering 
homomorphism G G makes V a G-module. 

A l^- valued group 1-cocycle is a locally smooth map a : G V with 

aigg') = a{9) + 9 ■ aig'), (39) 

and a l^- valued Lie algebra 1-cocycle is a linear map a : g ^ V with 

a{[X,X']) =X ■a{X')-X' -aiX). 

There is a natural map a d^a from locally smooth group 1-cocycles on the Lie 
group G to Lie algebra 1-cocycles on its Lie algebra q. 

Proposition 34. There exists a unique group 1-cocycle on the universal covering 
group G integrating the Lie algebra 1-cocycle a : Q ^ V 

d:G^V, d{[g]) = [ gt- a{5^gt)dt, 

Jo 

where [g] & G is the homotopy class of the piecewise smooth path gt in G starting 
at the identity. 
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Proof. Using the identity fl57|) . one shows that the map a is well defined. The 
1-cocycle condition fl5^ for d is easily verified noticing that the smooth path gtg'^, 
t G [0, 1] and the piecewise smooth path ht, defined by ht = g2t H t < ^ and 
ht = gi92t-i if ^ > |, are homotopic. □ 

Remark 35. If the group IIq, of periods of the closed 1-form a''^ is discrete, the 
for any discrete subgroup 11 of containing IIq,, the 1-cocycle a descends to a 
1-cocycle a : G ^ V/Il. 

Proposition 36. If a : G ^ V is a group 1-cocycle integrating the Lie algebra 
1-cocycle a : q , then the following identities hold: 

1. da = a^'i G n\G,V). 

2. f^{a{gt)) = gt ■ a{S^gt) = a{6''gt) + S^'gt ■ a{gt), for gt a -path m G starting at 
the identity. 

From Proposition [36] and Remark [30] we deduce the following: 

Corollary 37. Let a : G ^ V/Il he a group 1-cocycle integrating the Lie algebra 
1-cocycle a : q . Then Ker a is a subgroup of G and Kera is a Lie subalgehra 
of Q such that, for any smooth curve g in G starting at the identity, the following 
are equivalent: gt G Keia'^d^gt G Kei gt G Ker a. 

Lie group extensions 

According to the general theory developed in [N02j and |N04] . there are two 
obstructions for the integration of a Lie algebra cocycle a on g with values in a 
G-module to a Lie group extension of G by a quotient group of V: the period 
map and the fiux homomorphism. 

The period map is the group homomorphism 

per^ : 'K2{G) , per,([c]) = f cV'^'i for c G G°°{S^,G). 

Its image 11^^ is called the period group of a. 

The fiux homomorphism F„ : 7ii{G) — >• H^{q,V), [7] t— > [/^], assigns to each 
piecewise smooth loop 7 in G based at the identity, the cohomology class of the 
1-cocycle 

/; : g ^ V, = - [ zxra'^. 

J ^ 

Theorem 38. For a Lie algebra V -valued 2-cocycle a on q with discrete period 
group H-rj and vanishing flux homomorphism F„, the Lie algebra extension q = 
Xo- y integrates to an abelian Lie group extension 

1 V/U^ ^G^G^l. 
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